Characterization of embedded special manifolds  by Bichara, Alessandro & Zanella, Corrado
Discrete Mathematics 208/209 (1999) 77{83
www.elsevier.com/locate/disc
Characterization of embedded special manifolds(
Alessandro Bicharaa, Corrado Zanellab; 
aDip. di Metodi e Modelli Matematici, Universita di Roma ‘La Sapienza’, Via A. Scarpa 16,
I-00161 Roma, Italy
bDip. di Matematica Pura ed Applicata, Universita, via Belzoni, 7, I-35131 Padova, Italy
Received 5 March 1997; revised 1 September 1997; accepted 20 October 1997
Dedicated to the memory of Jurgen Misfeld and Giuseppe Tallini
Abstract
A semilinear space is a pair (G;F), where G is a set, whose elements are called points,
and F is a collection of subsets of G. The elements of F are lines. The axioms dening a
semilinear space require that each line contains at least two points, each point is contained in
at least one line and for every two distinct points there is at most one line which contains both
points. In this paper we regard the classical manifolds as structures formed only by points and
lines, i.e. as semilinear spaces. Geometric characterizations of such spaces have been given by
several authors, and some of them put special emphasis on the topological and order structures.
We combine these results and the ones concerning the embeddings of the Grassmann spaces
and product spaces and obtain intrinsic properties which characterize, up to projections, the
embedded Grassmann and Segre manifolds. The results of this work are oered as a solution
to the following question studied by Giuseppe Tallini: Describe the classical manifolds, which
are ‘rich’ structures, by essential and elementary geometric properties. c© 1999 Elsevier Science
B.V. All rights reserved.
MSC: 51M35
Keywords: Grassmann manifold; Segre manifold; Projective embedding; Topological projective
space; Ordered projective space
1. Introduction
Let (G;F) be a semilinear space. Two points P;Q2G are collinear, PQ, if a
line g exists such that P;Q2 g (for P 6= Q we will also write P;Q := g). A (singular)
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subspace of (G;F) is a subset ~G of G which fullls
P1; P2 2 ~G; P1 6= P2 ) P1P2; P1; P2 ~G:
A semilinear space (G;F) is said to be projective if Veblen’s axiom holds:
(V) For any g; g0 2F, g\ g0 = ;, P 2Gn(g[ g0), at most one line exists through P
meeting both g and g0.
A semilinear space (G;F) is said to be irreducible if any line contains at least three
points; if any two points in G are collinear, then (G;F) is a linear space; if this is
not the case, then (G;F) is a proper semilinear space.
Let P= (P;L) be a projective space. An injective mapping  :G! P is called an
embedding if the image of every line of (G;F) is a line of P.
2. Special semilinear spaces and their embeddings
Let P be an n-dimensional projective space and h2N, 06h6n − 1. Let G be
the collection of all h-subspaces of P. We dene F 2G as follows: a non-empty
set gG belongs to F if and only if there exist two subspaces S 0, S 00, such that
dim S 0 = h− 1, dim S 00 = h+ 1, and g= fS 2G j S 0 S  S 00g. We obtain a semilinear
space  h(P) := (G;F), which is called the Grassmann space of index h associated
with P. If P can be coordinatized by a commutative eld F , then there exists the
Plucker embedding } of G into the projective space over F of dimension

n+1
h+1

− 1.
The image of } is the Grassmannian Gn; h; F .
Let P0 = (P0;L0) and P1 = (P1;L1) be two projective spaces, and
U :=P0 P1;
R := ffX0g  g1 jX0 2P0; g1 2L1g [ fg0  fX1g j g0 2L0; X1 2P1g:
S(P0;P1) := (U;R), which is a semilinear space, is the product space of P0 and P1.
When P0=PG(n0; F) and P1=PG(n1; F), F a commutative eld, the well-known Segre
embedding  :U! P is dened, where P is the point set of PG(n0n1 + n0 + n1; F).
An abstract Grassmann space (of index 1) is a semilinear space (G;F) which
satises the following axioms [16]:
(A1) Any three pairwise collinear points belong to a subspace.
(A2) No line is a maximal subspace and the collection of maximal subspaces of
(G;F) can be partitioned into two families S and P such that
(i) B1; B2 2S, B1 6= B2 imply jB1 \ B2j= 1;
(ii) B2S, 2P imply either B \ = ; or B \ 2F;
(iii) for any l2F, both a unique B2S and a unique 2P exist such that lB\.
If P is a projective space, then  1(P) satises (A1) and (A2). Conversely, in [16]
it is shown that for every irreducible Grassmann space  , a projective space P exists
such that  1(P) is isomorphic to  . For  h(P) with h> 1, a similar characterization
has been given in [3,4].
A. Bichara, C. Zanella /Discrete Mathematics 208/209 (1999) 77{83 79
A regular pseudoproduct space is a semilinear space (U;R) satisfying the following
axioms [9]:
(RP1) (U;R) is proper, irreducible, projective and contains at least one subspace
which properly contains a line.
(RP2) P;Q2U, P 6 Q imply that precisely two points exist, P0 and Q0, such that
PP0Q and PQ0Q. (We obtain a quadrangle, which is called the quadrangle
with respect to (w.r.t.) P and Q, and is denoted by hP;Q; P0; Q0i.)
(RP3) If P 2U, g2R and P 6 Q for all Q2 g, then a unique TP;g 2U exists such
that PTP;gQ for all Q2 g. Furthermore, let hP;Q; TP; g; f(Q)i be the quadrangle
w.r.t. P and Q, then ff(Q) jQ2 gg is a line.
In [9] it is shown that every regular pseudoproduct space is isomorphic to a product
space S(P0;P1) such that maxfdim (P0); dim (P1)g>2.
Let =(G;F) be a semilinear space, and P0=(P0;L0) a projective space. A linear
morphism  : ! P0 is a mapping which is not necessarily global, and fullls the
following axioms [6,8]:
(L1)  (X; Y ) =  (X );  (Y ) for X; Y 2G; X Y ;
(L2)  (fX g) =  (fYg), X; Y 2G, X 6= Y , X Y imply that an A2X; Y exists such
that  (fAg) = ;.
Havlicek studied the linear morphisms of the Grassmann spaces and proved the
following theorems:
Theorem 1 (Havlicek [8]). Let P* be a projective space of dimension n<1. Assume
that  : h(P*) ! P and  : h(P*) ! P0 are linear morphisms and dim im >
n+1
h+1

− 1. Then  is an embedding; and there exists a unique linear morphism
 :P! P0 such that  =  . 1
Theorem 2 (Havlicek [8]). If  : h(P*)! P0 is an embedding; dimP*<1;
0<h< dimP*− 1; then both P* and P0 are Pappian.
As a corollary of the previous theorems we have
Theorem 3 (Zanella [21]). The image of every embedding of  h(P*) (dimP*<1)
is; up to a projection between two complementary subspaces; a Grassmannian.
Theorem 1 states a universal property of the Plucker embedding. The Segre embed-
ding does not satisfy a similar property, but a weaker one:
Theorem 4 (Zanella [22]). Let  be an embedding of the product space S(P0;P1);
26maxfdim(P0); dim(P1)g<1; into the projective space P0. Then:
(i) P0; P0; P1 can be coordinatized by the same commutative eld;
1  (P) =  ((P)).
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(ii) denoting by  :S(P0;P1)!P the Segre embedding; there are 2
Aut (S(P0;P1)) and a linear morphism  : P! P0 such that  =  .
(iii) im  is; up to projections; a Segre variety.
3. Topology and order
The notion of a topological projective space was introduced by Misfeld [10]. He
proved that if P is a desarguesian topological projective space, then P is isomorphic
to a projective space over a topological eld.
Some more denitions for the topological projective spaces were given by Doignon
[7], Sorensen [12], Szambien [15]. Doignon’s characterization is especially economical
on axioms: The topological projective spaces are exactly the projective spaces in which
the point set and the line set are topological spaces and the following mappings are
continuous: (i) joining of two distinct points, (ii) meeting of two intersecting lines,
and (iii) meeting of a given hyperplane H with a line not contained in H , for every
H . These three continuity axioms are independent, and the third one can be replaced
by requiring the local compactness of T0 [7,17,20].
A prime of a semilinear space (G;F) is a proper subset H of G such that
l2F) either j l \ H j = 1 or lH:
Let K be the collection of all primes of a semilinear space (G;F). We call (G;F)
an ordered semilinear space if a mapping , order function,
 : (KK G G)0 ! f−1; 1g : (H;K; A; B) 7! (H;K jA; B);
(KKGG)0 := f(H;K; A; B) jH;K 2K; A; B2Gn(H [K)g, is given such that the
following axioms hold:
(O1) Shortening. (H;K jA; B)(H;K jB; C)(H;K jC; A) = 1, for A; B; C =2 H [ K ;
(H;K jA; B) (K; J jA; B)(J; H jA; B) = 1, for A; B =2 H [ K [ J .
(O2) Sperner’s relation. If A; B2 l2F, H;K 2K, A; B =2 H [K and l\H = l\K ,
then (H;K jA; B) = 1.
(O3) Let K1, K2, K3, H be primes, l2F, l not contained in K1, K2, K3, H ,
Ai :=Ki \ l, i = 1; 2; 3. If the Ai’s and H \ l are distinct, then exactly one of
(K1; H jA2; A3); (K2; H jA3; A1); (K3; H jA1; A2);
takes the value −1.
Let (G;F; ) be an ordered semilinear space. If (G;F) is a projective space, then
(G;F; ) will be called an ordered projective space. If (G;F) is a Grassmann space,
then (G;F; ) is an ordered Grassmann space.
Sperner [14] proved that the desarguesian ordered projective spaces are exactly the
projective spaces over the ordered elds. A further continuity axiom allows to charac-
terize PG(n;R) with its canonical order structure.
A. Bichara, C. Zanella /Discrete Mathematics 208/209 (1999) 77{83 81
Theorem 5 (Bichara et al. [1]). Let (G;F; ) be a continuous ordered Grassmann
space of nite rank and index 1. Then; for some index n; (G;F; ) is isomorphic
to the Grassmann manifold Gn;1;R; with an isomorphism which preserves the order
structure.
The order structure of the product spaces has been studied in [2]. In every
Grassmannian any prime is necessarily a hyperplane section. On the contrary, in the
Segre varieties there are primes which are not hyperplane sections. Furthermore, such
sections cannot be characterized by using incidence only, and it is even impossible
to dene an order structure on S(P0;P1) so that the Segre embedding is an order
isomorphism. In order to obviate this diculty, it is convenient to restrict the domain
of the order function, as follows. A prime H of a semilinear space (U;R) is called
singular if for every X 2H and Y 2UnH there is a Z 2H such that X Z Y . Dene
D(U;R) := f(H;K; A; B) jH;K singular primes; A; B2Un(H [ K)g:
An ordered Segre space is a triple (U;R; ), where (U;R) is a regular pseudoproduct
space and  :D(U;R) ! f1g satises (O1), (O2) and (O3). A singular prime of a
Segre variety is necessarily a hyperplane section, but the converse is not true.
As a corollary of Theorem 2 in [2] we have:
Theorem 6. Every continuous ordered Segre space of nite rank is isomorphic to a
real Segre manifold; with an order isomorphism.
4. Two characterizations of Grassmann manifolds
Theorem 7. Let P = (P;L) be a projective space; and (G;F) a semilinear space.
Assume that:
(i) GP; FL.
(ii) (G;F) is an irreducible semilinear space of nite rank satisfying (A1) and
(A2) (see Section 2).
(iii) G; F; S are non-trivial topological spaces such that
! :

(G G)*!F
(g1; g2) 7! g1; g2 is continuous and open;
 :

(SS)*! G
(B1; B2) 7! B1 \ B2 is continuous;
 :

F!S
l 7! (l) with (l) l is continuous:
Furthermore; G is connected and locally compact and the maximal subspaces of
(G;F) are closed sets.
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Then G is; up to projections; a Grassmann manifold Gn;1;R or Gn;1;C; of the real or
complex; respectively; projective space P.
Remark. (GG)* denotes the set of all pairs of distinct collinear points, and (SS)*
is the set of all pairs of distinct elements of S.
Proof. In [11,20] it is shown that (ii) and (iii) imply that there is an isomorphism
of semilinear spaces between (G;F) and the Grassmann space of index 1 associated
with a projective space coordinatized by R;C or the quaternions H. This result is
based on Doignon’s characterization of the topological projective spaces. Indeed, the
mappings  and ! correspond to the joining of points and the meeting of lines,
respectively, in the projective space associated with (G;F). Furthermore, by Theorem
2, the coordinatizing eld cannot be H. In the real and complex case, the isomorphism
’ :Gn;1; F ! G (F = R or F = C) is a homeomorphism (assuming that Gn;1; F carries
the induced topology as a subset of the point set of a topological projective space).
Let P0 = (P0;L0) be the projective space containing Gn;1; F . By Theorem 1, ’ can
be extended to a linear morphism  :P0 ! P. There are a projection  between
complementary subspaces of P0 and a collineation  between im  and a subspace of
P such that =. The restriction jGn; 1; F is injective. By identifying G with −1(G),
the theorem is proved.
Remark. By modifying (ii) and (iii) as in [18], it is possible to obtain a similar
characterization of Gn; h; F , F = R or F = C, also for h> 1.
Theorem 8. Let P = (P;L) be a projective space. Assume that (G;F; ) satises
the following properties:
(i) GP; FL.
(ii) (G;F; ) is an ordered semilinear space; which is continuous and of nite rank;
and fullls (A1) and (A2).
Then G is; up to projections; a Grassmann manifold Gn;1;R.
Theorem 8 is a consequence of the characterization of the Grassmann spaces which
are associated with the ordered projective spaces [1] and of Theorem 1.
5. On Segre manifolds
In [2], by joining the results in [9] with those in [13,14], a characterization of the
product spaces of the ordered projective spaces is given. Such a characterization, in
view of Theorem 4, allows us to state the following theorem.
Theorem 9. Let P=(P;L) be a projective space; and assume that (U;R; ) satises
the following properties:
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(i) UP; RL;
(ii) (U;R) is a semilinear space which fullls (RP1); (RP2) and (RP3) (see Sect-
ion 2);
(iii)  :D(U;R)! f1g fullls (O1); (O2); (O3) and the continuity axiom.
Then U is; up to projections; a real Segre manifold.
A similar result concerning both real and complex Segre manifolds can be proved
as a consequence of the geometric-topological characterization given in [19].
6. For further reading
The following reference is also of interest to the reader: [5].
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